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❧❡ &❡❝♦♥❞ ♣#✐♥❝✐♣❡ ❞❡ ◆❡✇"♦♥ ✿
ρpVp
d✉p
dt
=
∑
j 6=p
F
pj + ❋murs + ρpVp❣+ ❋
fp + ❋lub ∀p = 1, .., Np ✭✶✮
Ip
dωp
dt
=
∑
j 6=p
τ
pj + τmurs ∀p = 1, .., Np ✭✷✮
✷✷
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pj
❧❡/ ❢♦(❝❡/
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murs
❧❡/ ❢♦(❝❡/
❡①❡(❝6❡/ ♣❛( ❧❡/ ♠✉(/✱ ❋
lub
❧❡/ ❢♦(❝❡/ ❞❡ ❧✉❜(✐✜❝❛+✐♦♥ ❡①❡(❝6❡/ ♣❛( ❧❡/ ❛✉+(❡/ ♣❛(✲
+✐❝✉❧❡/ ✭✈♦✐( ■③❛(❞ ❡+ ❛❧✳ ❬✶✷❪ ♣♦✉( ♣❧✉/ ❞❡ ❞6+❛✐❧/✮✱ ❡+ ❋
fp
❧❡/ ❢♦(❝❡/ ❡①❡(❝6❡/ ♣❛(
❧❡ ✢✉✐❞❡ /✉( ❧❛ ♣❛(+✐❝✉❧❡ ♣✳ τ
pj
✱ τ
murs
/♦♥+ ❧❡/ ❝♦✉♣❧❡/ ❡①❡(❝6/ (❡/♣❡❝+✐✈❡♠❡♥+
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∂ε
∂t
+∇ · (ε✉f ) = 0 ✭✸✮
ρfε
Df✉f
Dt
= ∇ · ❙f − ❢+ ρfε❣ ✭✹✮
❛✈❡❝ ✉f ❧❛ ✈✐+❡//❡ ❞✉ ✢✉✐❞❡✱ ρf /❛ ♠❛//❡ ✈♦❧✉♠✐*✉❡✱ ❢ ❧❛ ♠♦②❡♥♥❡ /✉( ❧❡ ✈♦❧✉♠❡
6❧6♠❡♥+❛✐(❡ ❞❡/ ❢♦(❝❡/ ❡①❡(❝6❡/ ♣❛( ❧❡/ ♣❛(+✐❝✉❧❡/ /✉( ❧❡ ✢✉✐❞❡ ❡+ ❙
f
❧❡ +❡♥/❡✉(
❞❡/ ❝♦♥+(❛✐♥+❡/✳ ❙♦♥ ❡①♣(❡//✐♦♥ ♥❡ ♣❡✉+ Q+(❡ ❡①♣❧✐❝✐+❡♠❡♥+ ❞6+❡(♠✐♥6❡ ❡+ ❞✐✛6✲
(❡♥+/ ♠♦❞S❧❡/ ♣❡✉✈❡♥+ Q+(❡ +(♦✉✈6/ ❞❛♥/ ❧❛ ❧✐++6(❛+✉(❡✳ ◆♦✉/ ❝❤♦✐/✐//♦♥/ ✐❝✐ ✉♥❡
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♣♦(♦/✐+6 /♦✉/ ❧❛ ❢♦(♠❡ ✿
❙
f = −εpI + µ∗
[
∇✉m +∇✉
t
m
]
✭✺✮
❛✈❡❝ p ❧❛ ♣(❡//✐♦♥ ❤②❞(♦❞②♥❛♠✐*✉❡✱ I ❧❛ ♠❛+(✐❝❡ ✐❞❡♥+✐+6✱ µ∗ = µfε
−2.8
❧❛ ✈✐/✲
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♣(6/❡♥❝❡ ❞❡/ ❣(❛✐♥/ ❞❛♥/ ❧❡ ✢✉✐❞❡ ❡+ ✉m = ε✉f +(1− ε)✉p ❧❛ ✈✐+❡//❡ ❞❡ ♠6❧❛♥❣❡
✢✉✐❞❡✲♣❛(+✐❝✉❧❡/✳
▲❡/ ❞❡✉① +❡(♠❡/ ❞✬✐♥+❡(❛❝+✐♦♥ ✢✉✐❞❡✲♣❛(+✐❝✉❧❡/ ❞❡/ 6*✉❛+✐♦♥/ ✭✶✮ ❡+ ✭✹✮ /♦♥+
(❡❧✐6❡/ ♣❛( ❧❛ (❡❧❛+✐♦♥ /✉✐✈❛♥+❡ ✿
❢ =
1
Vc
∑
p∈c
❋
fp
❛✈❡❝ ❋
fp = Vp∇ · ❙
f + ❋drag ✭✻✮
▲✬❡①♣(❡//✐♦♥ ❞❡ ❋
fp
❡/+ ✉♥❡ ❛♣♣(♦①✐♠❛+✐♦♥ ❢♦(♠✉❧6❡ ♣❛( ❈❛♣❡❝❡❧❛+(♦ ❡+ ❛❧✳
❬✷❪✳ ❖♥ ✉+✐❧✐/❡ ❧❡ ♠♦❞S❧❡ ❞❡ +(❛Y♥6❡ ♣(♦♣♦/6 ♣❛( ❚❡♥♥❡+✐ ❡+ ❛❧✳ ❬✶✻❪ ♣♦✉( ❝❛❧❝✉❧❡(
❋
drag
✱ ♠♦❞S❧❡ ✈❛❧❛❜❧❡ ♣♦✉( ✉♥❡ ❧❛(❣❡ ❣❛♠♠❡ ❞❡ ♥♦♠❜(❡ ❞❡ ❘❡②♥♦❧❞/ ❡+ ❞❡
❝♦♠♣❛❝✐+6✳ ❈❡ /♦♥+ ✐❝✐ ❧❡/ /❡✉❧❡/ ❝♦♥+(✐❜✉+✐♦♥/ ❤②❞(♦❞②♥❛♠✐*✉❡/ ✐♠♣❧6♠❡♥+6❡/
♣♦✉( ❧❡ ❝♦✉♣❧❛❣❡ ✢✉✐❞❡✲❣(❛✐♥/✳
θRep ρp/ρf
θ =
µfγ
(ρp − ρf )gdp
=
τ
(ρp − ρf )gdp
, Rep =
γd2pρf
µf
dp γ
τ
θc
0.12±0.03
Rep 1.5× 10
−5 0.76
θ = 0.4 0 ≤ up ≤ 0.1γdp
θ Rep = 0.48 ρp/ρf = 4
g
γ
hbed ≈ 10dp
≈ 0.7
U0
x z φinit ≈ 0.56
q = 1/(Aφbed)Vp
∑
p up (m
2/s
dp 5× 10
−4 m3
µf 10
−3 Pa.s
ρf 10
3 kg.m−3
ρp 4× 10
3 kg.m−3
e 0.8
µ 0.1
∆x/dp = ∆y/dp = 2∆z/5dp 2
∆ts 5× 10
−6 s
∆tf 10
−4 s
tsimu 400 s
qsat θ
q = a(θ− θc)
3/2
θc ≈ 0.1 Rep
θ = 0.4
qsat θ
✷✷
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